We propose a formalism to obtain the sphalerons, which is one of the static classical solutions, using gradient flow methods. By adding the modification term to the gradient flow equation, we can obtain the sphaleron configuration as a stable fixed points of the equation in the large flow time. Applying the method to the SU (2)-Higgs model in four dimensions, we obtained the sphaleron configuration whose energy coincides with previous studies, numerically. We can also show that the Chern-Simons number of the solution has a half integer. tachyonic mode around it. In gauge theories, particularly, it is on a top of an energetic barrier between two vacuum configurations that have different topology, which are labeled by integers called a Chern-Simons number. It is important to understand properties of the sphaleron deeply for giving precise predictions on the BAU.
Introduction
One of the most important problems that are unanswered by the Standard Model (SM) of particle physics is the baryon asymmetry in the universe (BAU). Various scenarios have been proposed in particle physics and cosmology to explain the BAU; electroweak baryogenesis [1] , leptgenesis [2] and baryogenesis via neutrino oscillations [3] , etc. (For reviews of electroweak baryogeneiss, see, e.g., [4] [5] [6] [7] .)
The sphaleron plays a quite important role in most of the scenarios to generate sufficient amount of the baryon asymmetry. It is an unstable solution of equation of motions and a saddle point of the action with only one validity of our method to obtain the sphaleron without any fine-tuning of the initial configurations.
This paper is organized as follows. In Sec. 2, we give a brief review on the modified gradient flow method given in Ref. [11] from the standpoint of finding sphalerons and propose a new method to obtain the sphaleron. In Sec. 3, we apply this method to the SU (2)-Higgs theory concretely. Solving the flow equation numerically, we show that the method to obtain the sphaleron works well in Sec. 4. And we give a summary and discussion in Sec. 5.
Formulation
We present a simple formulation to obtain the sphaleron configuration in gauge theories, using the gradient flow method. Our formulation is based on the work in Ref. [11] , where the bounce configurations are mainly considered. (See also Ref. [12, 13] for related works.) We apply their method to obtaining the sphalerons. To be specific, we concentrate on static configurations in (3 + 1)-dimensions, but our argument can be extended to any dimensions.
Brief review on modified gradient flow method
The authors of Ref. [11] proposed the modified gradient flow equation to obtain the bounce solutions in scalar theories. Their method can be easily extended to other saddle point solutions, such as the sphalerons. In this subsection, we give a brief review on the work of Ref. [11] from the standpoint of finding sphalerons.
Let Φ A (x, s) be a multiplet describing all fields in the model and A runs over the number of degrees of freedom of the fields. We consider the sphaleron configuration as an example of saddle point solutions, which is denoted by Φ sph.
A (x). The modified gradient flow equation proposed in Ref. [11] is given by
where x is the Euclidean three-dimensional coordinate and s is a fictitious time called as a flow time. The first term of the r.h.s. F A (x, s) is defined by the gradient of the energy functional,
The second term of the r.h.s., which is called a modification term, is introduced to make the sphaleron the stable fixed point. Hereβ is defined byβ
with β being a constant larger than unity, and the inner product of two sets of functions is defined as
We define the fluctuation operator (or the quadratic curvature) as
which has one negative eigenvalue and other positive ones. In order for the flow equation Eq. (1) to converge to the sphaleron, the function G A (x, s) should be chosen to be proportional to the eigenfunction with the negative eigenvalue [11] .
Choice of G
In order for the flow equation Eq. (1) to work, it is the most important to choose G A appropriately. Obviously, this is not an easy task because we do not know the precise expression of the negative eigenfunction in general. In this subsection, we propose the new method how to choose the function G A appropriately to obtain the sphalerons.
We define G A as the gradient of the Chern-Simons number:
Since we consider (3 + 1)-dimensional gauge theories,
and G A can be expressed as
where i, j, k are the three-dimensional indices and a is the adjoint index. We explain why the choice Eq. (6) is appropriate, i.e., is proportional to the negative eigenfunction of the operator Eq. (5) . As is well known, the sphaleron is a saddle point on the top of the energetic barrier separating two topologically different vacua with integral Chern-Simons numbers N CS = n, n + 1 (n ∈ Z). Because of the reflective symmetry between the two vacua, the sphaleron has the half-integer Chern-Simons number 1 : N CS = n + 1 2 . The naive picture of the sphaleron in the configuration space is shown in Fig.1 . One of the axes indicates the value of N CS , and energy barriers separating degenerated vacua are orthogonal to the axis of N CS . The sphalerons are located on the saddle points on the barriers. According to the picture, the positive eigenmodes of M are along the barrier and do not change the Chern-Simons number, while the negative eigenmode (the direction to roll down the barrier) changes the Chern-Simons number. Thus, we obtain a naive guess that the negative eigenfunction is the steepest direction changing the Chern-Simons number, i.e., the gradient of N CS : δN CS /δΦ. Therefore, the choice Eq. (6) would be appropriate.
Using the flow equation Eq. (1) with Eq. (6), we can obtain the sphalerons quite easily. All we have to do is to evolve an initial configuration by the flow equation Eq. (1) keeping some appropriate boundary conditions. In the following sections, we explicitly show numerical results that strongly suggest that the method with the choice Eq. (6) works well for the sphalerons.
The Model
In this section, we actually apply the formulation to the SU (2)-Higgs model, which is well known for the existence of the sphaleron [14, 15] , and show that our method works well to obtain the sphaleron.
SU(2)-Higgs Model
We give a brief review of the SU (2)-Higgs model in four dimensions based on Ref. [15] . The action of the model in four dimensions is given by
N CS where the covariant derivative is D µ ≡ ∂ µ + A µ , Φ and A µ = A a µ (σ a /2i) are a scalar field and a SU (2) gauge field, respectively. σ a means Pauli matrices. The field strength is defined by F µν = [D µ , D ν ]. Here we use the Minkowski metric diag(+, −, −, −).
Imposing the spherically symmetric condition, the model reduces to two dimensional U (1) gauge theory, which is coupled to two complex scalar fields. The ansatz for spherically symmetric configurations for A µ and Φ are described by [16] A 0 (x) = 1 2i a 0 (r, t)x j σ j (10)
wherex and ξ are a radial unit vector and a two component complex unit vector, respectively. The coordinates {e k i } are defined by
For the sake of convenience, we introduce the two complex scalar fields χ ≡ f + ih, φ ≡ µ + iν and a field strength for the two dimensional gauge field a µ as f µν = ∂ µ a ν − ∂ ν a µ . Hereinafter, the subscript µ and ν run 0 and 1. Then the action in four dimensions (9) reduces to the one in two dimensions as
where
The finite energy configurations should satisfy the following conditions
as r → ∞, and
as r → 0. The first two conditions and the third one in Eq. (18) are required to remove the singularities of the field strength and the gauge current at short distance, respectively. We can also confirm that the Chern-Simons number in four dimensions given in Eq. (7) reduces to the one in two dimensions using those anzatz as follows:
Modified gradient flow equation
We give the modified gradient flow equation of the SU (2)-Higgs model using the formulation in Sec. 2. Since we are interested in a static solution, we impose a static condition that the derivatives with respect to the time and the time component of the gauge field vanish. Under this condition, we still have a residual gauge symmetry generated by a time-independent gauge function ω(r), which is completely fixed by the radial gauge condition a 1 = 0. Thus, the modified gradient flow equations for the sphaleron are described by
δN CS δφ * = 0,
and
The equations (20) and (21) give the stable fixed point we are looking for as the sphaleron. In the next section, we show that the configuration is indeed the sphaleron in the SU (2)-Higgs model numerically.
Numerical analysis
In this section, we show numerical results of the SU (2)-Higgs sphaleron obtained by the flow equations (20) and (21) .
Setup
To perform numerical calculations, we take a length unit such that v = 1 and a spatial lattice as r = i × ∆r with i = 1, 2, · · · , N and ∆r = 5.0 × 10 −2 . The size of the system L is given by L ≡ N × ∆r. To avoid numerical instability, a lattice spacing for the flow time ∆s should satisfy ∆s ≤ (∆r) 2 = 2.5 × 10 −3 , so that we take ∆s = 1.5 × 10 −3 .
For any flow time s, the functions χ(r, s) and φ(r, s) should satisfy the conditions Eqs. (17) and (18) with a µ (x, s) = 0. In numerical calculations in this paper, therefore, we adopt the following boundary conditions:
or equivalently,
where L should be sufficiently large comparing to the size of the sphaleron. All boundary conditions except for φ(0) = 0 in Eq. (28) follow from the conditions Eqs. (17) and (18) immediately. The reason of φ(0) = 0 is that φ(r) should be an odd function with respect to r. 2
Result
As a benchmark point, we take λ/g 2 = 0.5. In addition, we also take N = 300 and β = 1.3. We evolve non-special initial configurations at s = 0 by the flow equations (20) and (21) . The flowed result at s = 45 is shown in Fig. 2 . The solid blue lines are the flowed configurations at s = 45. The dashed orange lines are initial ones at s = 0, which are taken to satisfy the boundary conditions Eq. (29) . The profiles of the flowed ones agree with the sphaleron studied in the previous works [8, 15, 17] . Furthermore, Fig. 3 shows the evolutions of the energy for the flow time s corresponding to the result in Fig. 2 . The energy oscillates for small s, 3 but almost converges for s ≥ 10. The converged value is E sph. = 1.976289 × 4πv/g 2 , which also agrees with those in Refs. [15, 17] in good precision. In addition, Fig. 4 shows the evolution of the Chern-Simons number, 4 which successfully converges to 1/2. These results show that we have obtained the sphaleron based on the gradient flow equations (20) and (21) .
We emphasize that the imaginary parts h(r) and ν(r) are not fixed to 0 as done in Refs. [8, 15] . Instead, they automatically decrease to 0 along the flow. Therefore, the flow is stable around the sphaleron as we stated in Sec. 2. We also investigate the sphalerons for several choices of λ/g 2 . We take N = 300 and β = 1.3 for λ/g 2 ≤ 5, β = 5 for λ/g 2 = 10, 13, respectively. We evolve initial configurations using the flow equation until s = 45. Table 1 shows dependence of energy of the sphaleron on λ/g 2 . All of the obtained energy values in Table 1 are consistent with the previous studies [15, 17] . This shows that our flow equation works well for a various parameter range of λ/g 2 . 
Discussion
As we have shown above, our results agree well with the previous studies. This strongly suggests the validity of our method to obtain the sphaleron. Especially, we emphasize that we did not choose any specific initial configurations. In other words, the computations of the flow do not need any fine-tuning. Instead, the field configuration automatically converges to the sphaleron along the flow. This is an advantage of our method compared to the previous ones in Refs. [8, 15, 17] .
There are few cases that do not flow to the sphaleron but to the vacuum, although the latter is an unstable fixed point in our flow equations (20) and (21) . For instance, consider f (r) = µ(r)/gv = tanh(rv) and h(r) = ν(r) = 0 at s = 0. In this case, the flow equation reduces to the ordinary gradient flow equation, which results in the vacuum, because the modification term vanishes for h(r) = ν(r) = 0 at s = 0. In other words, such initial configurations are "fine-tuned" to flow to the vacuum. However, such a problem is easily avoided by starting from initial configurations such as h(r) = 0.
In addition, note that the stability of the sphaleron is ensured only for configurations in the vicinity of the sphaleron. Thus, when we start at a point too far from the sphaleron, it could not flow to any fixed points but diverges.
Summary
We have given a simple formalism to obtain the sphaleron configuration in gauge-Higgs theories using the gradient flow. Based on the work in Ref. [11] , which is discussed about the bounce configurations, we have proposed the new method to obtain the sphaleron solutions. The most important point is how to choose the modification term appropriately. In this paper, we have given the term as a gradient of the Chern-Simons number with respect to fields. The modified flow equation in this manner gives the sphaleron configuration as a stable fixed point of the flow in the large flow time. Applying the methods to the SU (2)-Higgs model in (3 + 1) dimensions, which is well known for the existence of the sphaleron, we have given the modified flow equation of the SU (2)-Higgs model. Solving the equation numerically, we indeed obtain the sphaleron configuration that agrees with previous studies in a good precision. We have also shown that the Chern-Simons number of the configuration converges to a half integer. Those results strongly suggest the validity of our method to obtain the sphaleron without any fine-tuning of the initial configurations.
Our method would also be applicable to the sphalerons in other gauge-Higgs theories. One interesting example could be the SU (2) W × U (1) Y Weinberg-Salam theory (the electroweak sector of the SM), which is also known for the existence of the sphaleron [8, [18] [19] [20] ]. In the model, detailed properties of the sphaleron are still unclear except for the case of the small Weinberg angle, θ W 0. Especially, a relation between the sphaleron and the Nambu monopole pair [21] has been argued in Refs. [8, [22] [23] [24] (For a review, see [25] ), but remains unanswered. In addition, it is also interesting to consider the sphalerons in extensions of the Higgs sector of the SM. For instance, two Higgs doublet models (2HDM), in which an additional Higgs doublet is added into the SM (for reviews, see, e.g., Refs. [26, 27] ), have the sphaleron solution [28] [29] [30] , although it is less known than that of the SM. The relation with the Nambu monopole in 2HDM [31] is also unclear.
It is also an interesting future work to consider the deformed sphaleron. We have considered the sphaleron in the SU (2)-Higgs theory with 10 −3 ≤ λ/g 2 ≤ 13 in this paper. For λ/g 2 > 18.1, however, a new sphaleron solution called as the deformed sphaleron appears [15, 32] , whose Chern-Simons number is not half-integer. As we stated above, such a solution cannot be obtained by our choice for G A , Eq. (6), thus we have to reconsider the flow equation in order to obtain the deformed sphalerons.
